We consider first order linear operators commuting with the operator appearing in the linearized equation of motion of Rarita-Schwinger fields which comes directly from the action. First we consider a simplified operator giving an equation equivalent to the original equation, and classify first order operators commuting with it in four dimensions. In general such operators are symmetry operators of the original operator, but we find that some of them commute with it. We extend this result in four dimensions to arbitrary dimensions and give first order commuting operators constructed of odd rank Killing-Yano and even rank closed conformal Killing-Yano tensors with additional conditions.
Introduction
It is important to obtain solutions to the linearized equations of motion of various fields in given background geometries. Schematically the equations are in the form of Mφ = 0, where φ is the field and M is some operator which is second order in derivative operator for boson fields, and first order for fermion fields. It is useful to know if there exists a linear operator commuting with M because it gives a quantum number for classifying solutions to Mφ = 0. If M is the one coming from the action of φ directly i.e. if the Lagrangian is given by L ∼ φMφ, such operators are also useful to compute Euclidean path integrals.
For spin 1/2 fields M is the Dirac operator, and first order linear operators commuting with it (or more generally symmetry operators) are completely classified [1, 2, 3, 4] : They are constructed of Killing-Yano forms of odd rank and closed conformal Killing-Yano (CCKY) forms of even rank. For some extensions of this result see [5, 6] .
In this paper we consider this issue for Rarita-Schwinger field ψ µ . (For some related discussions see [7, 8, 9] .) We only consider the case where ψ µ is a Dirac vector-spinor, and in section 2 and 3 we only consider the case where the spacetime dimension D is even. In section 4 D is set 4, and in section 5 we do not impose any restriction on D. We put no assumption on the signature of the background metric. The linearized equation of motion derived directly from the action is M µ ν ψ ν = 0, and M µ ν is given by
where m is the mass parameter, and D µ = D µ (Γ, ω) is the covariant derivative with respect to the spin connection and the affine connection. However we found that the calculation is quite complicated if we use this operator directly, and to simplify the situation we consider the followingM µ ν instead:
It is easy to show thatM µ ν ψ ν = 0 is equivalent to M µ ν ψ ν = 0. Some operators commuting withM µ ν also commute with M µ ν , and we give such examples constructed of Killing-Yano forms of odd rank and CCKY forms of even rank, as in the case of the Dirac operator.
In section 2 we give conditions for first order operators commuting withM µ ν for even D, and in section 3 we consider how to solve the conditions. Since it is not easy to obtain full solution to the conditions for general D, in section 4 we set D = 4 and solve the conditions in a brute-force manner by using symbolic manipulation program Mathematica and the package GAMMA [10] . It turns out that the solution for massive case also commutes with M µ ν . In section 5, we try to extend this result for D = 4 to arbitrary D. We find operators commuting with M µ ν constructed of odd rank Killing-Yano tensors and even rank CCKY tensors. This situation is similar to the case of the Dirac operator, but unlike that case we have to impose additional conditions for those tensors. Section 6 contains some discussions, and in Appendix A we briefly summarize properties of Killing-Yano tensors and CCKY tensors used in the calculation. We use gamma matrix notation which is more familiar to physicists than that used in the literature as [2, 3, 4] and suitable for calculations using Mathematica.
Preliminaries
We consider Rarita-Schwinger field ψ µ in D-dimensional space. ψ µ is a Dirac vector-spinor, and we do not consider Majorana or Weyl case. Since ψ µ is not dynamical for D ≤ 2, we consider cases of D ≥ 3. No assumption on the signature of the background metric g µν is made, and we do not impose background equation of motion on g µν .
The linearized equation of motion for ψ µ is given by the following form, which comes directly from the action principle:
The equation is also expressed asM µ ν ψ ν = 0, wherê If D is odd, then we can restrict the range of the dummy index n in the above expression of 
where ∇ µ is the covariant derivative with respect to the affine connection. Since D ρ D σ ψ ν is decomposed into the antisymmetric part and the symmetric part:
and the antisymmetric part can be rewritten as the form without derivative operator:
then the coefficients of the symmetric part in (2.11) must vanish. From this condition, for odd n we obtain
and for even n, 
For even n,
Finally we require that the zeroth order part of [O,M] µ ν ψ ν vanishes. For odd n,
We have used Bianchi identity R [µνλ]ρ = 0 to simplify the expressions in the above equations.
3 A procedure to solve the condition of commutativity 
Taking contraction λ n = ν in (2.15) we obtain
Taking contraction µ = σ in (2.15) we obtain
The first lines of (3.1), (3. Next let us discuss odd n cases. For n = 1, taking contraction σ = ρ in (2.14),
The right hand side of this equation contains only those with a pair of indices contracted.
However it is not easy to obtain similar expressions for 3 ≤ n ≤ D − 1 directly. Therefore we introduce the following dual variables F µ ν λ n+1 ...λ D σ for 3 ≤ n ≤ D − 1: 6) or conversely,
Signs in the above equation correspond to the signature of the background metric. Since all the equations are linear we do not have to care about these signs. Then (2.14) is rewritten as
(3.8)
Taking contraction σ = λ n+1 of this equation, we obtain 9) and by taking contraction ν = λ n+1 and renaming σ as ν, we obtain
By taking contraction σ = µ and renaming λ n+1 as µ,
In (3.9), (3.10), and (3.11) ellipses denote terms proportional to
with some pairs of indices contracted. From (3.9)−(n − 1)
ρ with some pairs of indices contracted). (3.12) (3.8) is available also for n = 1. In that case (3.10) is not available, but from (3.9)−(D − 1) −1 ×(3.11) and the same equation with ρ and ν interchanged we obtain an expression similar to (3.12). For n = D − 1 (3.11) suffices to obtain (3.12).
Next we consider (2.16) and (2.17). In both equations, by taking contraction ν = λ n , we obtain the following for 1 ≤ n ≤ D:
with some pairs of indices contracted). , we obtain more relations for tensors with some pairs of indices contracted, and some tensors are left undetermined.
The solution in D = case
Although all equations we are dealing with are linear, it is not easy to perform the procedure explained in the previous section for arbitrary D and obtain the most general solution to (2.14), (2.15), (2.16), (2.17), (2.19), and (2.18). Therefore in this section we set D = 4 and solve the equations by brute force calculation by using Mathematica. Since it would be very long if we explain the details of the process and it is not illuminating, we only show the result below.
Firstly, the solution to (2.14) and (2.15) is given by
where c 1 and c 2 are scalar functions, k µ is a vector, y µν , Y (1)λ 1 λ 2 λ 3 , Y (2)λ 1 λ 2 λ 3 , and Y (3)λ 1 λ 2 λ 3 are antisymmetric tensors, and K µν is a symmetric tensor satisfying
At this stage these tensors are independent and have no more restriction.
Next, the solution to (2.16) and (2.17) is given by
where c 0 is a scalar function, and
It turns out that c 1 and c 2 are constants, k µ is a Killing vector, and
Next, using the above solutions we can give the solution to (2.18) and (2.19). It turns out that c 0 is a constant, and 
These are also Killing-Yano tensors, and
Then we obtain the full solution:
c 0 gives part proportional to the unit matrix, and c 1 gives part proportional toM µ ν . Since these trivially commute withM µ ν , we set c 0 = c 1 = 0 in the following.
If the mass parameter m is nonzero, then
and we are left with a constant c 2 , a Killing vector k µ and a Killing-Yano tensor Y λ 1 λ 2 λ 3 .
Taking contraction ν = λ 2 in (4.25) and symmetrizing µ and λ 1 we obtain We begin with the result for massive case in the previous section, which is also a special case of the general form for massless case:
It is not difficult to show that (5.1) satisfies (2.7), and therefore it commutes not only witĥ M µ ν , but also with M µ ν . Let us try to extend the part proportional to Y λ 1 λ 2 λ 3 to arbitrary D. For n even and 0 ≤ n ≤ D − 3, we consider the following operator constructed of a rank
If we set n = −2 in the above, we obtain an extension of the part proportional to k µ in (5.1):
and it is not difficult to confirm that it commutes with M µ ν for arbitrary D if Y µ is a Killing vector.
Furthermore, for 0 ≤ n ≤ D − 3, we can show the following facts by straightforward calculation:
• O (n+3) µ ν commutes with the mass term in M µ ν as long as Y λ 1 ...λ n+3 is an antisymmetric tensor.
• [O (n+3) , M] µ ν has no second order derivative operator as long as Y λ 1 ...λ n+3 is an antisymmetric tensor.
• [O (n+3) , M] µ ν has no first order derivative operator if Y λ 1 ...λ n+3 is a Killing-Yano tensor.
• [O (n+3) , M] µ ν = 0 gives the following additional condition:
This is consistent with the result in the previous section. To show these facts we used (A.2) and (A.3).
Hodge duals of Killing-Yano tensors are CCKY tensors, and if D is odd, we can also dualize gamma matrices: 
where n is even and 0 ≤ n ≤ D − 1, and C λ • O (n) µ ν commutes with the mass term in M µ ν as long as C λ 1 ...λn is an antisymmetric tensor.
• [ O (n) , M] µ ν has no second order derivative operator as long as C λ 1 ...λn is an antisymmetric tensor.
• [ O (n) , M] µ ν has no first order derivative operator if C λ 1 ...λn is a Killing-Yano tensor.
• [ O (n) , M] µ ν = 0 gives the following additional condition:
which is equivalent to (5.4) if D is odd.
To show these facts we used (A.7) and (A. 
and 
Discussion
In section 2, 3 and 4 we have consideredM µ ν instead of M µ ν to make calculations easier.
However if we use the background field equation from the beginning we can simplify it more as is often done in the literature: From the equations given by acting D µ on (2.1) and by multiplying mΓ µ on (2.1), we obtain 
